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1. INTRODUCTION 
This paper is concerned with integral operators of the form 
j~0 
1 
(T f) (t) = K(t, s)f(s) ds. (1.1) 
We are interested in characterizations of the kernel K(t, s) such that the corresponding operator T
leaves various families of input functions invariant. 
For simplicity, we will restrict ourselves to kernels which are continuous on [0, 1] x [0, 1] and 
input functions which are continuous on [0, 1]. Some of our results, however, can be extended to 
integrable input functions and square integrable kernels. 
There are many classes of continuous functions defined on [0,1] which are useful in applications. 
Here we will consider several of these families including symmetric functions, skew symmetric 
functions, balanced functions, absolutely balanced functions, and functions with nonnegative 
symmetric sums, all of them having distinctive forms. 
We will define these functions in the following sections and characterize the kernels such that 
the corresponding operators leave each family invariant. Several applications of our results will be 
mentioned in the last section when the kernels are Green's functions which arise from differential 
equation boundary value problems. Indeed, this paper is motivated by considering deflections of 
mechanical systems under distributed loads. Browsing the last section first may thus ease the 
drudgery of going through the formal theory in the following sections. 
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Several preparatory results will now be stated. Let C[a, b] denote the set of all continuous 
functions defined on [a, b]. As usual, f E C[a, b] is said to be positive if f (x)  > 0 for all x E [a, b], 
nonnegative if f (x)  > 0 for all x E [a, b] and trivial if f (x)  = 0 for all x E [a, b]. The following 
three results are elementary. 
LEMMA 1.1. Let g e C[a,b]. Then f :g (s ) f ( s )ds  > 0 for all positive f e C[a,b] if, and only 
if, g is a nonnegative and nontrivial function. 
LEMMA 1.2. Let g E C[a, b]. Then the following statements are equivalent: 
(a) f :  g(s) f (s)ds >_ 0 for all nonnegative f E C[a,b]; 
(b) f :  g(s)f(s) ds >_ 0 for all positive f E C[a, b]; 
(c) g is nonnegative. 
LEMMA 1.3. Let g E C[a, b]. Then the following statements are equivalent: 
(a) f g(s)f(s)ds = 0 for all f e C[a,b]; 
(b) f :  g(s) f (s)ds = 0 for all nonnegative f E C[a, b], 
(c) S:g(8)f(s) ds = o for a l lpos i t ive ] e C[a,b]; 
(d) f :  g(s) f (s)ds > 0 for ali f e C[a,b]; 
(e) g is identicaJ1y zero. 
We remark that a family f~ of continuous functions is invariant under T if, and only if, -f~ is 
invariant under T. By means of this, Lemma 1.1 still holds if the inequality sign is replaced by 
'<', and either positive f is replaced by negative f ,  or nonnegative g by nonpositive g. Similar 
dual statements of our subsequent results can also be made, but they will not be emphasized for 
obvious reasons. 
For the sake of convenience, we will also say that the kernel K leaves a family f~ of functions 
invariant if T leaves f~ invariant. 
2. NONNEGATIVE  FUNCTIONS 
In this section, we characterize kernels which leave the set of positive or the set of nonneg- 
ative functions invariant. The following elementary results are included here for the sake of 
completeness, and for later use. 
THEOREM 2.1. Let K(t,  s) E C ([0, 1] x [0, 1]). Then the following two statements hold: 
(a) the positive functions in C[0, 1] are invariant under T if, and only if, K(t ,  s) >_ 0 for ali 
t, s E [0, 1] and for every t E [0,1], there is some s E [0, 1] such that K(t,  s) ~ O; 
(b) the nonnegative functions in C[0,1] are invariant under T if, and only if, K(t,  s) >_ 0 for 
a11t, s [0,1]. 
A variant of Theorem 2.1 treats the case when f is positive in the interior of [0, 1]. 
THEOREM 2.2. Let K ( t, s) E C ([0,1] x [0, 1]). Then the functions in C[0, 1] that are positive on 
(0,1) are invariant under T if, and only if, K (t,s) >_ 0 for all t, s E [0,1] and for every t E (0, 1), 
there is some s E (0, 1) such that K(t,  s) ~ O. 
The next theorem characterizes kernels which leave the set of constant functions invariant. 
THEOREM 2.3. Let K(t ,  s) E C ([0, 1] x [0,1]). Then the following two statements are valid: 
(a) the constant functions are invariant under T if, and only if, f~ K(t ,  s)ds is a constant 
function of t; 
(b) the positive constant functions are invariant under T if, and only if, fd K(t ,  s)ds is a 
positive constant function of t. 
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3. SYMMETRIC  AND SKEW SYMMETRIC  FUNCTIONS 
A real function defined on [0, 1] is said to be symmetric if f(x) = f(1 - x) for 0 < x < 1, and 
skew symmetric if f(x) = - f (1  - x) for 0 < x < 1. For the sake of convenience, given a kernel 
K(t, s) • C([0, 1] x [0, 1]), we define 
r ( t ,  s) = K(t, s) + K(t, 1 - s) - K(1 - t, s) - K(1 - t, 1 - s), 0 < t, s < 1. 
Note that  F(t, s) has the following symmetry: 
r ( t ,  s) = r( t ,  1 - s) = - r (1  - t, s) = - r (1  - t, 1 - s), 0 _< t, s < 1. (3.1) 
We now characterize kernels K(t, s) which leave the set of symmetric functions invariant. 
THEOREM 3.1. Suppose K(t, s) E C ([0, 1] × [0, 1]). Then the following three statements hold: 
(a) the symmetric functions in C[O, 1] are invariant under T if, and only if, 
K(t, s) + K(t, 1 - s) = K(1 - t, s) + K(1 - t, 1 - s), 0 _< t, s _< 1; (,3.2) 
(b) the nonnegative symmetric functions ha C[O, 1] are invariant under T if, and only if, 
K(t, s) + K(t, 1 - s) = K(1 - t, s) + K(1 - t, 1 - s) _> 0, 0 <: t, s < 1; (3.3) 
(c) the positive symmetric functions in C[0, 1] are invariant under T if, and only if, (3.3) holds, 
and for every t in [0, 1], the inequality in (3.3) is strict for some s. 
PROOF. Let f be a symmetric function in C[0, 1]. Then 
fO 1 f l /2  f l (T f)  (t) = K(t, s)f(s) ds = K(t, s)f(s) ds + K(t, s)f(s) ds 
JO /2 
/1 = K(t, 1 - r ) f (1  - r) dr + K(t, s)f(s) ds (3.4) 12 12 
1 {K(t, S) + K(t, s)} f(s) 1 ds. 
/2 
Thus, 
and 
1 
(T f ) (1 - t )= f l  {K(1- t , l - s )+K(1- t , s )} f (s )ds ,  
/2 
fl (T f)  (t) - (T f) (1 - t) = F(t, s)f(s) ds. (3.5) /2 
As a consequence, Tf  is symmetric if, and only if, f:/2 F(t, s)f(s) ds = 0 for 1/2 < t < 1. 
In view of (3.5) and Lemma 1.3, we see that T leaves the symmetric functions invariant if, and 
only if, F(t, s) = 0 for all t, s in [1/2, 1]. By means of the symmetry property (3.1), it is easily 
seen that  F(t, s) = 0 for all t, s in [1/2, 1] if, and only if, F(t, s) = 0 for all t, s in [0, 1]. We have 
thus proved statement (a). 
In view of (3.4), (3.5) and Lemmas 1.2 and 1.3, we see that T leaves the nonnegative symmetric 
functions invariant if, and only if, fl/2 F(t, s)f(s) ds = 0 and 
f l  I {K(t,  - s) + K(t, s)} f(s) > O, t 1, 1 ds 0 < < 
/2 
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for all nonnegative f E C[1/2, 1]. The last condition is equivalent o both F(t, s) = 0 and 
K(t, 1 - s) + K(t, s) > 0 for all s in [1/2, 1] and all t in [0, 1], or to condition (3.3). Statement (b) 
is thus proved. 
The proof of statement (c) is similar except that  we have to use Lemmas 1.1 and 1.3. | 
We can make two observations here. First, condition (3.2) is a necessary and sufficient con- 
dition for T to map the class of nonnegative (or positive) symmetric functions in C[0,1] to the 
class of symmetric functions. Second, in view of the symmetry condition (3.1), we can relax 
conditions (3.2) and (3.3) by replacing 0 < t, s < 1 with 0 < t, s <_ 1/2 or with 1/2 _< t, s <_ 1. 
We now turn our attention to operators T which preserve skew symmetry. As before, it is 
convenient to define 
¢(t,s) = K(t ,s)  - K(t, 1 - s) +K(1  - t ,s)  - K(1 - t, 1 - s), 0 <_ t ,s  < 1. 
Note that  
¢(t ,  s) = ¢(1 - t, s) = -¢ ( t ,  1 - s) = -¢ (1  - t, 1 - s), 0 < t, s < 1. (3.6) 
It is not difficult to characterize kernels K(t, s) which leave the set of skew symmetric functions 
invariant. More can also be said if we know the type of skew symmetry involved. To be more 
precise, note that  every skew symmetric function vanishes at 1/2, but it may take on different 
signs on either side of 1/2. A real function f defined on [0, 1] is said to be (+, - ) -skew symmetric 
if it is skew symmetric and f(s) > 0 for 0 < s < 1/2, and is said to be (+, 0, - ) -skew symmetric 
if it is skew symmetric and f(s) > 0 for 0 < s < 1/2. ( - ,  +)-skew symmetric and ( - ,  0, +)-skew 
symmetric functions are similarly defined. 
THEOREM 3.2. Suppose K(t, s) E C ([0, 1] x [0, 1]). Then the following statements are valid: 
(a) the skew symmetric [unctions in C[0, 1] are invariant under T if, and only if, 
K(t, s) + K(1 - t, s) = K(t, 1 - s) + K(1 - t, 1 - s), 0 < t, s <_ 1; (3.7) 
(b) the ( - ,  0, +)-skew symmetric [unctions in C[0, 1] are invariant under T if, and only if, 
K(t ,s)  - K(t, 1 - s) -- K(1 - t, 1 - s) - K(1 - t ,s)  _> 0, 1/2 _< t ,s  _< 1; (3.8) 
(c) the ( - ,  +)-skew symmetric [unctions in C[0, 1] are invariant under T if, and only if, con- 
dition (3.8) holds and for every t in (1/2, 1), the inequality in (3.8) is strict for some s in 
(1/2, 1]. 
PROOF. Assume that  f is skew symmetric and continuous on [0,1]; then by means of the same 
arguments used in the proof of Theorem 3.1, we obtain 
(Tf)  (t) -- (K(t,  s) - K(t, 1 - s)) f(s) ds (3.9) 
/2 
and 
~1 
1 
(TI)  (t) + (TI)  (1 - t) = ¢(t ,  s)f(s) ds. (3.10) 
/2 
In view of (3.10) and Lemma 1.3, we see that T leaves the set of skew symmetric functions 
invariant if, and only if, ¢(t ,  s) = 0 for all t, s in [1/2, 1]. By means of the symmetry property (3.6), 
it is easily seen that  ¢(t ,  s) = 0 for all t, s in [1/2,1] if, and only if, ¢( t ,  s) = 0 for all t, s in [0, 1]. 
We have thus proved statement (a). 
Similarly, in view of (3.9), (3.10) and Lemmas 1.2 and 1.3, we see that  the following statements 
are equivalent: 
(1) T leaves the set of ( - ,0 ,  +)-skew symmetric functions invariant; 
(2) f~/2 ¢(t, s)f(s) ds = 0 and I:/2 {K(t,  s) - K(t, 1 - s)} f(s) ds >_ 0 for every nonnegative 
f c[1/2,1] and all t in [1/2, 1]; 
(3) ¢(t ,  s) -- 0 and K(t, s) - K(t ,  1 - s) > 0 for every t in [1/2, 1]. 
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The last condition is equivalent to (3.8). Statement (b) is thus proved. The proof of state- 
ment (c) is similar in view of Lemmas 1.1 and 1.3. | 
We remark that the (+, 0,-)-skew symmetric functions in C[0, 1] are invariant under T if, 
and only if, (3.8) holds (see the remarks following Lemma 1.3). Similarly, the same condition in 
Theorem 3.2c characterizes T that leaves the (+, -)-skew symmetric functions in C[O, 1] invariant. 
4. BALANCED FUNCTIONS 
A real function f defined on [0, 1] is said to be right balanced if f(1 - s) < f ( s )  for 1/2 < s < 1, 
and left balanced if f(1 - s) > f ( s )  for 1/2 < s < 1. Note that f is symmetric if and only if it is 
right balanced and also left balanced. 
The class of right-balanced functions contains symmetric functions, ( - ,  +)-skew symmetric 
functions and nondecreasing functions and others. Besides, nonnegative linear combinations of 
right-balanced functions are also right balanced. 
Given a kernel g( t , s )  E C([0, 1] x [0, 1]) and f E C[0, 1], note that 
(T f )  (t) - (T  f )  (1 - t) = {K( t , s )  - K(1 - t,s)} f ( s )  ds 
= f l /2  {K(t ,  s) - K(1  - t, s )}  f (s)  ds 
JO 
+ {K( t ,  s) - K(1 - t, s)} f ( s )  ds 
/2 
= {K( t ,  1 - s) - K(1 - t, 1 - s)} f(1 - s) ds ('4.1) 
/2  ' 
+ {K( t ,  s) - K (1  - t, s )}  f ( s )  
= r ( t ,  s ) f (1  - s) as 
/2 
/1 + {K( t , s )  - K(1 - t,s)} {f(s) - f(1 - s)} ds, /2 
where F(t, s) is defined in Section 3. Note also that 
(T  f )  (t) -~ K( t ,  1 - s)f(1 - s) ds + K( t ,  s ) f ( s )  ds 
12 12 
(4.2) 
jfl 1 f l  1 = {K( t ,  1 - s) + K( t , s )} f (1  - s) ds + K( t , s )  {f(s) - f(1 - s)} ds, 
12 12 
fo r0<t< 1. 
THEOREM 4.1. Suppose  K( t ,  s) E C ([0, 1] x [0, 1]). Then the r ight-balanced funct ions in C[0, 1] 
are invar iant under  T if, and only if, 
K(t, s) - K(1 - t, s) = K(1 - t, 1 - s) - K ( t ,  1 - s) >_ O, 1/2 _< t, s < 1. (4.3) 
PROOF. Suppose (4.3) holds. Then F(t, s) = 0 for 1/2 < t, s < 1. It follows that when f is right 
balanced, the last two integrals in (4.1) are nonnegative so that (T f ) ( t )  - (T f)(1 - t )  :> 0 for t in 
[1/2, 1]. Conversely, suppose the set of right-balanced functions in C[0, 1] is invariant under T. 
Let f be any symmetric function in C[0, 1]; then we may infer from (4.1) that 
f/ r(t, s)f(1 - s) ds > O, 
/2 
$1;8-I 
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for all f • C[0, 1/2] and t • [1/2, 1], which is equivalent o r(t, s) = 0 for 1/2 < t, s < 1 in view 
of Lemma 1.3. Let f be any right-balanced function in C[a, b] such that f (  1 - s) = 0 for all s in 
[1/2, 1]; then we may infer from (4.1) that 
~1 1 {K(t, s) - K(1 - t, s)} f(s) >_ O, ds /2 
for all nonnegative f • C[0, 1/2], which is equivalent to 
Kit,  s) - K(1 - t, s) > 0, 
by Lemma 1.2. 
THEOREM 4.2. Suppose K(t, s) 6 C ([0, 1] x [0, 1]). 
tions in C[0, 1] are invariant under T if, and only if, 
K(t ,s)  + K(t, 1 - s) >_ K(1 - t,s) + K(1 - t ,  1 -  s) >_ 0, 
and 
1 /2~t ,s<l ,  
1/2 < t,s <_ 1 
| 
Then the nonnegative right balanced func- 
1/2 < t, s _< 1, (4.4) 
Kit,  s) - K(1 - t, s) >_ 0, 1/2 < t, s _< 1. 
Furthermore, we may infer from (4.2) that 
/11 1 K(t, s) f is  ) >_ O, 0 < t < 1, /2 
which implies K(t, s) >_ 0 for 1/2 < s < 1 and 0 <_ t < 1. | 
By means of similar arguments, we may prove the following variant of Theorem 4.2. 
THEOREM 4.3. Suppose K(t ,s)  E C ([0, 1] x [0,1]). Then the positive right-balanced functions 
in C[0, 1] are invariant under T if, and only if, (4.4) and (4.5) hold, and for every t in [1/2, 1], 
the second inequality in (4.4) is strict for some s in [1/2,1]. 
which implies 
Kit,  s) > K(1 - t, s) _> 0, 1/2 <_ t, s _< 1. (4.5) 
PROOF. If (4.4) and (4.5) hold, then F(t, s) > 0 for 1/2 _< t, s _< 1. Thus, for any nonnegative 
right balanced function f in C[a,b], in view of (4.1) and (4.2), Tf  is also right balanced and 
nonnegative. Conversely, let f be nonnegative and symmetric; then in view of (4.1), 
Jl 1 r(t,s)f(1-s) >_0, 1/2 t 1, ds < < 
/2 
so that F(t, s) >_ 0 for 1/2 _< t, s __ 1 by Lemma 1.2. Furthermore, we may infer from (4.2) that 
~ 1 {K(t, - s )+K( t , s )} f (1 -s )  _>0, 0 t 1, 1 ds < < 
/2 
which implies K(t,  1 - s) + K(t, s) >_ 0 for 1/2 < s < 1 and 0 < t < 1. 
Let f be any nonnegative right-balanced function in C[0, 1] such that f(1 - s) = 0 for 1/2 _< 
s < 1; then we may infer from (4.1) that 
/11 {K(t, s) - K(1 - t, s)} f(s) ds >_ 0, 1/2 <_ t, s <:_ 1, 
/2 
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We will also be interested in functions which have nonnegative values on either side of 1/2. 
More precisely, a real function f defined on [0, 1] is said to have nonnegative weight to the right 
if f (s )  >_ 0 for 1/2 < s < 1. Functions which have nonnegative weight to the left, positive weight 
to the right, etc., are similarly defined. 
THEOREM 4.4. Suppose K(t ,  s) • C ([0, 1 x [0, 1]). Then the following two statements hold: 
(a) the right-balanced functions with nonpositive weight to the left in C[0, 1] are invariant 
under T if, and only if, 
K(1 - t, s) + K(1 - t, 1 - s) > max{K(t, s) + Kit ,  1 - s), 0}, (4.6) 
and 
K(1 - t, s) < min{K(t, s), 0} (4.7) 
for each pair (t, s) • [1/2, 1] x [1/2, 1]; 
(b) the right-balanced functions with nonnegative weight to the right in C[0, 1] are invariant 
under T if, and only if, 
K(t,  s) + K(t,  1 - s) >_ max{K(1 - t, s) + K(1 - t, 1 - s), 0}, (4.8) 
and 
K(t,  1 - s) < min{K(1 - t, 1 - s), 0}, (4.9) 
for each pair (t, s) • [1/2, 1] x [1/2, 1]. 
PROOF. Suppose (4.6) and (4.7) hold. Then F(t,s) < 0, K (1 - t , s )  +K i l - t , l - s )  _> 0, 
K( t , s )  >_ K(1- t , s ) ,  and K i l - t , s )  < 0 for t ,s • [1/2, 1]. Thus, for any right balanced 
function f with nonpositive weight to the left, Tf  is right balanced by (4.1) and has nonpositive 
weight to the left by (4.2). Conversely, if f is any symmetric and nonpositive function in C[0, 1], 
then in view of (4.1), 
j ~ r(t,  s)f(1 - s) ds > O, t • [1/2, 1], 
/2 
F(t, s) < 0 for 1/2 < t, s _< 1. Also by (4.2), and thus, (by Lemma 1.2) 
f l {K(1- 
/2 
t, 1 - s) + K(1 - t, s)}f(1 - s) ds < O, t • [1/2, 1], 
which implies K(1 - t, 1 - s) + K(1 - t, 1 - s) > 0 for 1/2 _< t, s < 1. Let f be any continuous 
nonnegative function such that f (s)  = 0 for s E [0, 1/2]; then we may infer from (4.1) that 
~ 1 {g( t , s )  -K (1  - t , s )} f (s )  > O, t E [1/2, t], 
/2 
which implies K(t,  s) > K(1 - t, s) for 1/2 < t, s _< 1; similarly, by (4.2), 
f l  K(1 - t, s) f (s)  ds < O, t • [1/2, t], 
/2 
which implies K(1 - t, s) < 0 for 1/2 < t, s _< 1. The first statement is thus proved. 
Suppose (4.8) and (4.9) hold. Then F(t, s) > O, K(t,  s) + K(t,  1 - s) > O, K(1 - t, 1 - s) > 
K(t,  1 - s) and Kit ,  1 - s) <_ 0 for t, s • [1/2, 1]. For any continuous right-balanced function f 
with nonnegative weight to the right, we have 
(T f ) ( t ) -  (T f ) (1 - t )  -- r(t,  s) f (s)  ds+ - t ,  1 -s ) -K ( t ,  1 -s )}{ J ' ( s ) - f (1 -s )}  ds _> o 
/2 
(4.10) 
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and 
(Tf)(t) = l;, - K t, 1 - s){f(s) - f(l - s)} ds + l;;z{K(t’s) + K(& 1 - s)If(s) ds 2 0 (4.11) ( 
for l/2 5 t 5 1. Conversely, consider any nonnegative and symmetric function f, in view of 
equation (4.10), 
s 
1 
r(t, s)f(s) ds 2 0, t E P/2,11, 
l/2 
so that I’(t,s) > 0 for l/2 5 t,s 5 1. Also, by (4.11), 
s 1 {K(G s) + K(t, 1 - s)}f(s) ds L 0, t E w, 11, l/2 
which implies K(t, s) + K(t, 1 - s) > 0 for l/2 5 t, s 5 1. Let f be any nonpositive function such 
that f(s) = 0 for l/2 5 s 5 1; then by (4.10), 
s 1 {K(l - t, 1 - s) - K(t, 1 - s)}{-f(l - s)}ds 2 0, t E p/2,% l/2 
so that K(l - t, 1 - s) > K(t, 1 - s) for l/2 5 t, s 5 1. Similarly, by (4.11), 
s 1 K(t, 1 - s)f(l - s) ds 2 0, t E w, 11, 
112 
so that K(t, 1 - s) 5 0 for l/2 5 t, s 5 1. I 
There are a few remarks we can make here. First of all, dual statements for left-balanced 
functions in C[O, l] can be made. They can be seen as follows. For any f defined on [0, 11, we 
may define its symmetric image f* by f*(s) = f(1 - ) f s or s E [0, 11. We may also define a dual 
mapping T* of T by 
(T*f)(t) = 1’ I((1 - t, 1 - s)f(s) ds = I’ K(1 - t, s)f(l - s) ds, o<t<1. 
Then it is easily seen that a family 0 of continuous functions defined on [0, l] is invariant under T 
if, and only if, R* = {f* 1 f E 52) is invariant under T*. Since the symmetric image of a 
right-balanced function is left balanced, we can easily formulate statements for the left-balanced 
functions similar to those stated in Theorems 4.1-4.4. As an example, the same operator defined 
by (4.3) in Theorem 4.1 will leave the continuous left-balanced functions invariant. 
Next, condition (4.3) says that K(t, s) is right balanced in t for any s in [l/2,1], and is left 
balanced in t for any s in [0,1/2]. Condition (4.4) implies that K(t, s) +K(t, 1 -s) is nonnegative 
and right balanced in t for every s in [l/2,1]. Similarly, condition (4.8) indicates that for every s 
in [l/2,1], K(t, s) + K(t, 1 - s) is right balanced in t and has nonnegative weight to the right. 
Finally, the proofs of the above theorems can be modified to yield results such as: Tf is right 
balanced for every nonnegative right balanced f in C[O, l] if, and only if, 
K(t, s) - K(l - t, s) 2 max {K(l - t, 1 - s) - K(t, 1 - s), 0)) 1/2<t,s<1. 
Since we are only interested in the invariant properties of the operator T in this paper, such 
conclusions will be dealt with elsewhere. 
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5. FUNCTIONS WITH NONNEGATIVE  SYMMETRIC  SUMS 
A real function f defined on [0, 1] is said to have nonnegative symmetric sum if f (s)  + f(1 - s) 
> 0 for 0 _< s _< 1. Nonnegative functions and skew symmetric functions have nonnegative 
symmetric sums; also, nonnegative linear combinations of functions with nonnegative symmetric 
sums have nonnegative symmetric sums as well. We will also be interested in functions which 
have nonnegative symmetric sums and also nonnegative weight to the right (left). 
By means of the same reasoning used in deriving (4.1) and (4.2), we may obtain 
f l  1 j)2g2(t, s) f (s)ds,  (T f )  (t)+(Tf) (1 - t )=  {K(t,  1 - s)+K(1 - t, 1 - s)}{f(1 - s)+f(s)}  ds+ 
/2 
and 
fl 1 fl 1 (Tf)  (t) = K(t,  1 - s) {f(s) + f(1 - s)) ds + {K(t ,s)  - K(t,  1 - s)} f(s)  ds; 
/2 /2 
also, we can modify the arguments used in the proofs of Theorems 4.1-4.4 to deduce the validity 
of the following. 
THEOREM 5.1. Suppose K(t,  s) E C ([0, 1] x [0, 1]). Then the following statements are valid: 
(a) the continuous functions with nonnegative symmetric sums are invariant under T if, and 
only if 
K ( t , s )+K(1- t , s )=K( t , l - s )+K(1- t , l - s )>_O,  0<_t,s_< 1; (5.1) 
(b) the continuous functions with nonnegative symmetric sums and nonnegative weight to the 
right are invariant under T if, and only if, 
K( t ,s )  + K(1 - t,s) >_ K(t,  1 - s) + K(1 - t, 1 - s) >_ 0, (5.2) 
(c) 
and 
K(t, s) > K(t, 1 - s) >_ O, (5.3) 
for all t, s in [1/2, 1], 
the continuous functions with nonnegative symmetric sums and nonpositive weight to the 
right are invariant under T if, and only if, 
K(t,  1 - s) + K(1 - t, 1 - s) _> max {K(t, s) + K(1 - t, s), 0}, 
and 
K(t,  1 - s) < rain {K(t, s), 0}, 
for each (t, s) e [1/2,1] × [1/2, 1]. 
PROOF. We will only prove statement (c). Suppose the inequalities in (c) hold. Then (b(t, s) < 0, 
K(t,  1 - s) + K(1 - t, 1 - s) >_ 0, K(t,  s) - K(t, 1 - s) >_ 0 and K(t, 1 - s) <_ 0 for t, s E [1/2, 1]. For 
any function f with nonnegative symmetric sum and nonpositive weight to the right, Tf  clearly 
has nonnegative symmetric sum and nonnegative weight to the right also. Conversely, consider 
any (+,0,-) -skew symmetric function f which satisfies f (x)  <_ 0 for 1/2 < x < 1; then 
(T f)(t) = {K(t, s) - K(t, 1 - s)}f(s) ds < O, 
/2 
and 
jr1 
1 
(Tf)(t) + (T f)(1 - t) = ~(t, s)f(s) ds > O, 
/2 
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for 1/2 < t < 1, and thus, by Lemma 1.2, 
K(t ,  s) - K( t ,  1 - s) > 0 and (I)(t, s) < 0 for t, s • [1/2, 1]. 
Let f be any continuous nonnegative function such that f (s )  = 0 for 1/2 < s < 1; then 
(Tl)(t) = K(t, 1 - s)f(1 - s) ds < O, 
/2 
and 
jr1 
1 
(T f ) ( t )  + (Tf)(1 - t) = {K(t ,  1 - s) + K(1 - t, 1 - s)}f(1 - s) ds >_ O, 
/2 
for 1/2 < t .< 1, which implies 
K( t , l - s )<_O and K( t , l - s )+K(1- t , l - s )>_O,  
for t, s E [1/2, 1]. | 
There are a few remarks we can make here. First, condition (5.1) says that K( t , s )  has 
nonnegative symmetric sum in t for each s and the sum is symmetric in s for every t. Sec- 
ond, conditions (5.3) and (5.2) say that for every t in [1/2,1], K( t , s )  and its symmetric sum 
K(t ,  s) + K(1 - t, s) are nonnegative and right balanced in s. The other conditions in The- 
orem 5.1 have similar interpretations. Third, we can characterize operators of the form (1.1) 
which leave invariant he functions with positive symmetric sum and/or positive weights to the 
right, etc. Such characterizations are similar to those stated above, and are thus omitted. 
6. ABSOLUTELY  BALANCED FUNCTIONS 
The final class of continuous functions we will consider in this paper is the class of absolutely 
left-balanced or absolutely right-balanced functions. A real function f defined on [0, 1] is said to 
be absolutely left balanced if f (s )  > If(1 - s)l for 0 < s < 1/2, and absolutely right balanced if 
f (s )  > If(1 - s)[ for 1/2 < s < 1. Clearly, a function is absolutely right balanced if, and only 
if, it is right balanced and has nonnegative symmetric sum. Also, an absolutely right-balanced 
function must be nonnegatively weighted to the right. Positive symmetric functions, ( - ,  +)- 
skew symmetric functions, ( - ,  0, +)-skew symmetric functions, positive right-balanced functions, 
functions with nonnegative symmetric sum and nonpositive weight o the left are absolutely right- 
balanced functions. ~rthermore,  nonnegative linear combinations of absolutely right-balanced 
functions are also absolutely right balanced. 
Suppose K(t ,  s) E C ([0, 1] x [0, 1]). In view of the identity 
1 a)(d - b) + 1 ab + cd = ~(c - -~(c + a)(d + b), 
it is easily verified that 
(TI)  (t) - (T]) (1 - t) = {K(t ,  1 - s) - K(1 - t, 1 - s)} J'(1 - s) ds 
/2 
+ {K(t,s) - / ( (1  - t , s )} I ( s )ds  
/2 
= 1 ~1 {K(t ,  s) - K(1 - t, s) - K( t ,  1 - s) + K(1 - t, 1 - s)} (6.1) 
2 __/2 
x {f (s)  - f(1 - s)} ds 
1 
j(1 {g( t ,  s) - g(1 - t, s) + K(t ,  1 - s) - g(1 - t, 1 - s)} 
+2 /2 
x {f(s) + f (1 -  s)} ds, 
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and 
jr1 
1 
(T f )  (t) + (T f )  (1 - t) = {K(t ,  1 - s) +K(1  - t, 1 - s )}f (1 - s) ds 
/2 
+ {K(t ,  s) + K(1 - t, s)} f (s )  ds 
/2 
{K(t ,  s) + K(1 - t, s) - K( t ,  1 - s) - K(1 - t, 1 - s)} 
= 2 /2 
x {f(s) - f(1 - s)} ds 
{K(t ,  s) + K(1 - t, s) + K(t ,  1 - s) + K(1 - t, 1 - s)} 
+ -2 /2 
x {f(s) + f(1 - s)} ds. 
(6.2) 
THEOREM 6.1. Suppose K ( t, s) e C ([0, 1] x [0, 1]). Then the absolutely right-balanced functions 
in C[0, 1] are invariant under T if, and only if, 
K ( t , s )  - K(1 - t ,s) >_ IK(t, 1 - s) - K(1 - t, 1 - s)l , (:6.3) 
and 
K(t ,  s) + K(1 - t, s) > IK(t, 1 - s) + K(1 - t, 1 - s)l , (6.4) 
for all t, s E [1/2, 1]. 
In view of (6.1) and (6.2), the proof follows the same line of argument used in the proof of 
Theorem 3.1, and is thus omitted. 
We remark that a dual theorem holds for absolutely left-balanced functions in view of the fact 
that the symmetric image of an absolutely left-balanced function is absolutely right balanced. We 
only need to replace the absolutely right-balanced functions by absolutely left-balanced functions 
and replace the interval [1/2, 1] by [0, 1/2]. We remark also that conditions (6.3) and (6.4) say 
that both K(t ,  s) - K(1 - t, s) and K(t ,  s) + K(1 - t, s) are absolutely right balanced in s. 
Finally, note that the set of all continuous nonnegative absolutely right-balanced functions, the 
set of all continuous nonnegative right-balanced functions, and the set of all continuous right- 
balanced functions with nonnegative weight to the left are in fact the same class of functions; 
the set of all continuous absolutely right-balanced functions with nonpositive weight to the left is 
the same as the set of all continuous functions with nonnegative symmetric sum and nonpositive 
weight to the left. The characterizations of kernels which leave these families invariant have 
already been dealt with in the previous ections. 
7. GREEN'S  FUNCTIONS 
One class of kernels which often appear in applications is the class of Green's functions. For 
ordinary differential systems defined on the interval [0, 1], the corresponding Green's functions ex- 
hibit a variety of properties under different conditions. For example, for a self-adjoint differential 
system, the corresponding Green's function K(t ,  s) is symmetric in the sense that 
K(t ,  s) = K(s ,  t), 0 < t, s <_ 1. 
In [1], it is also shown that for a C-self-adjoint differential system, the corresponding Green's 
function K(  t, s) satisfies 
K( t , s )=K(1-s , l - t ) ,  0<t ,s<_ l .  
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For the sake of completeness, we briefly recall here some of the concepts related to C-self-adjoint 
differential systems as follows. Analogous to the Lagrange adjoint, we can define a convolution 
adjoint of the formal differential operator 
L=~pj (x )  ~xx ' xE[0,1],  
j=O 
as  
j=o -~x pj(1 - z). 
With respect o the indefinite inner product 
~0 
1 
(f, g) --- f(1 - t) g(t) dt, 
we have 
(v, Lu) - (u, L°v) = B(u(1), v(1)) - B(u(O), v(0)), 
for some bilinear form B(., .). The formal operator L is said to be C-self-adjoint if L = L °. When 
we introduce two point boundary conditions of the form 
Ecol (u(0), u'(0), . . .  ,u(n)(0)) + Fcol  (u(1), u'(1),. . ,  u(~)(1)) --0, 
where E and F are n x n constant matrices, the differential system consisting of the homogeneous 
differential equation 
Ly = O, 
and these boundary conditions are said to be C-self-adjoint if
(v, Lu) - (u, L°v) = O, 
for every pair of n-times continuously differentiable functions u and v which satisfy the boundary 
conditions. For more details, see [1]. For a self-adjoint and C-self-adjoint differential system, the 
corresponding Green's function K(t, s) is thus centrosymmetric; that is, 
K( t , s )=K(s , t )=K(1-s , l - t )=K(1- t , l - s ) ,  0<t ,s<l .  (7.1) 
When K(t, s) = K(1 - t, 1 - s) for 0 _< t, s _< 1, several of the previous conditions on K(t, s) 
can be simplified, and the following result holds. 
THEOREM 7.1. Suppose K(t, s) E C ([0, 1] x [0, 1]) and K(t, s) -- K(1 - t, 1 - s) for 0 _< t, s _< 1. 
Then the following statements hold: 
(a) the set of symmetric functions and the set of skew symmetric functions in C[0, 1] axe 
invaxiant under the operator T; 
(b) if K(t, s) > 0 for 0 < t, s < 1, then the set of nonnegative functions, the set of nonposi- 
rive functions, the set of nonnegative symmetric functions, and the set of functions with 
nonnegative symmetric sum in C[0, 1] axe invaxiant under T; 
(c) i fK ( t , s )  > K(1 - t , s )  for 1/2 < t,s < 1, then the set o f (+,0 , - ) - skew symmetric func- 
tions, the set of ( - ,  0, +)-skew symmetric functions, the set of right-balanced functions, 
and the set of left-balanced functions in C[0, 1] are invariant under T; 
(d) / fK ( t , s )  > K(1- t , s )  > 0 for 1/2 < t,s < 1, then the set of nonnegative right- 
ba/anced functions, the set of absolutely right-balanced functions, the set of nonnegative 
left-balanced functions, the set of absolutely left-balanced functions, the set of functions 
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with nonnegative symmetric sums and nonnegative weight to the left, as well as the set of 
functions with nonnegative symmetric sum and nonnegative weight to the right in CllO, 1], 
are invariant under T; 
(e) if K ( t , s )  + K(t ,  1 - s) >_ 0 and K(t,  1 - s) ~_ 0 for 1/2 _~ t ,s ~_ 1, then the set of right- 
balanced functions with nonpositive weight to the left, the set of right-balanced functions 
with nonnegative weight to the right, the set of left-balanced functions with nonpositive 
weight to the right, the set of left-balanced functions with nonnegative weight to the left, 
the set of functions with nonnegative symmetric sum and nonpositive weight to the left, 
as well as the set of functions with nonnegative symmetric sum and nonpositive weight to 
the right in C[0, 1] are invariant under T. 
Therefore, a centrosymmetric Green's function leaves the symmetric or the skew symmetric 
functions invariant. Furthermore, according to the statement (c) in the above theorem, in order 
for such an operator to leave the continuous right-balanced functions invariant, all we need to 
check is that K(t,  s) be right balanced in t for every s in [1/2, 1]. This is useful since the Green's 
function K(t,  s) can be interpreted as the displacement of the solution of the differential system 
at t when a Dirac delta force is applied at the point s, and in various real situations, it is physically 
obvious that such a property will hold. As an example, a taut homogeneous string fixed at the 
points t = 0 and t = 1 will exhibit a right-balanced shape when a unit concentrated force is 
applied to the string at any point in [1/2, 1]. This, together, with the self-adjointness of the 
physical system, may serve to explain why we would expect a balanced isplacement when the 
load distribution applied to the string is balanced. 
As an application, we consider a one-dimensional loaded mechanical system under distributed 
load p(x) on [0, 1]. Assume its transverse displacement y(x) satisfies 
(-1)ny(2n)(x) = p(x), 0 < x < 1, 
y(2k)(0) = 0 = y(2k)(1), k = 0 ,1 , . . . ,n -  1. 
When n = 1, y(x) is the transverse displacement of a taut string fixed at both ends. When 
n = 2, y(x) is the displacement of a stiff supported beam. The Green's function Gn(t, s) of this 
system can be obtained recursively by 
where 
~o 1 an(t ,s)  = G l ( t , r )a~_ l ( r , s )ds ,  n = 2 ,3 , . . . ,  (7.2) 
(1-t)s, O<s<t<l ,  
Gl ( t , s )= t (1 -s ) ,  0<t<s<l .  
Thus, the unique solution of the system is given by 
fo x y(t) = Gn(t, s)p(s) ds. (7.3) 
This system is self-adjoint and C-self-adjoint [1], so that its Gn (t, s) is centrosymmetric (which 
can also be verified directly by means of (7.2)). It is also easily verified that Gn is continuous on 
[0, 1] x [0, 1], vanishes on the boundary of [0, 1] x [0, 1] and is positive in its interior. Moreover, 
for each s 6 [1/2,1], Gn(t,s) is right balanced in t, Gn(t, 1 - s) is left balanced in t, and 
Gn(t, 1/2) is symmetric [2]. If we now consider the load density p(s) as an input function and 
the corresponding deflection y(t) as output, we may infer from Theorem 7.1 that the shape of the 
deflection "resembles" that of the input function, in case p(s) is any one of the following kinds 
of continuous functions: 
(a) nonnegative function, 
(b) symmetric function, 
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(c) skew symmetric function, 
(d) (+, 0,-)-skew symmetric function, 
(e) ( - ,  0, +)-skew symmetric function, 
(f) function with nonnegative symmetric sum, 
(g) function with nonnegative symmetric sum and nonnegative weight to the right (or left), 
(h) right-balanced (or left-balanced) function, 
(i) absolutely right- (or left-) balanced function. 
We can add two more kinds of functions to the above list. The first is the class of continuous 
functions f which are positive on (0, 1). The second is the class of continuous and nonnegative 
concave functions. Our first assertion follows from Theorem 2.2. To see that our second assertion 
is also valid, note that 
Yt'(t)  -~ -- Vn-  1 (t, 8)p(s)  ds, 
so that for every nonnegative p, y is concave. 
It is interesting to note that since we have derived necessary and sufficient conditions in our 
previous ections, we can also be sure that some of the input functions will not be left invaxiant 
under the action of the operator defined by (7.3). There are many possibilities; however, we will 
confine ourselves to the following list of continuous input functions: 
(a) right-balanced functions with nonpositive weight to the left, 
(b) right-balanced functions with nonnegative weight to the right, 
(c) left-balanced functions with nonpositive weight to the right, 
(d) left-balanced functions with nonnegative weight to the left, 
(e) functions with nonnegative symmetric sum and nonpositive weight to the right (or left). 
There are other areas where our results will be useful. As an example, consider the inhomoge- 
neous Fredholm integral equation of the second kind 
g(t) + ,~ K(t, s)f(s) ds = l(t),  
where K(t ,  s) and g(t) are given continuous functions. Under appropriate conditions, we can 
solve this equation by means of successive approximations ~0 = g, and 
~n(t) = g(t) + A g ( t ,  s)~,~-l(s) ds, n = 1, 2 , . . . .  
If K( t ,  s) satisfies (4.3), and g is right balanced, we see that the successive iterations are also right 
balanced. Hence, the limit function, if it exists, will also be right balanced. Once the solution 
is known to be right balanced, comparison theorems for the associated eigenvalues can then be 
established. A specific example of this procedure can be found in [3]. 
8. EXAMPLES 
It is not difficult to calculate the Green's function G2(t, s) as defined in the last section. Its 
explicit formula [4] is given by 
f t (1 -s ) (2s -s  2- t  2) o<t<s<l ,  
G2(t, 8) i (1-t)s(2t-t 2 - s 2) O < s < t < l. 
If we now discretize G2(t, s) into a 120 x 120 matrix, then given an input function p(s), we can 
calculate a numerical approximation of the corresponding output function y(t) defined by (7.3). 
By means of the Mathematica software, we are able to produce many interesting raphs 1 of 
different inputs and their corresponding outputs. Four such pairs are shown in Figures 1-4. 
1The authors are indebted to M.-Y. Horng for producing these graphs. 
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Figure la shows the graph of a (+, 0, -)-skew symmetric input function defined by 
1 1 (l+s, 10 (s 
1 1 
and Figure lb shows the corresponding output function y(t).  
1 
O<s< - 
1 
-<s~l ,  
2-  
Figure 2a shows the graph of a function with nonnegative symmetric sum and with nonnegative 
weight o the right defined by 
1 
12s(1-2s)-s in67rs 0<s< 2' 
- sin 27rs ~ _ _ 
and Figure 2b shows the corresponding output function y(t).  
Figure 3a shows the graph of an absolutely right-balanced input defined by 
(sin2rrs)(sin127rs) 0 _< s < 2' 
p(s) = 1 < s < 1, 
- s in2r rs  ~_ _ 
and Figure 3b shows the corresponding output function y(t).  
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Figure 4a shows the graph of an input with nonnegative symmetric sum and with nonpositive 
weight to the right defined by 
1 
12s(1 - 2s) -b sin6vrs 0 4_ s ~ ~, 
1 p(s) lO(1-s)(1-2s)+sin6~rs -~ <s<_ l ,  
and Figure 4b shows the corresponding output function y(t). 
As expected, the outputs in Figures lb, 2b and 3b belong, respectively, to the same classes 
of functions to which their corresponding input functions belong, while the output in Figure 4b 
does not. 
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